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Abstract
Influence of noncommutativity on the motion of composite system
is studied in noncommutative phase space of canonical type. A system
composed by N free particles is examined. We show that because of
momentum noncommutativity free particles of different masses with
the same velocities at the initial moment of time do not move together.
The trajectory and the velocity of free particle in noncommutative
phase space depend on its mass. So, a system of the free particles
flies away. Also, it is shown that the total momentum defined in the
traditional way is not integral of motion in a space with noncommu-
tativity of coordinates and noncommutativity of momenta. We find
that in the case when parameters of noncommutativity corresponding
to a particle are determined by its mass the trajectory and velocity of
free particle are independent of the mass, also the total momenta as
integrals of motion can be introduced in noncommutative phase space.
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1 Introduction
Studies of quantum space realized on the basis of idea of noncommutativity
of coordinates have obtained grate interest recently. The interest is due
to development of String theory and Quantum Gravity (see, for instance,
[1, 2]). The idea of noncommutativity was proposed by Heisenberg, later it
was formalized by Snyder and published in his paper [3].
Much attention has been devoted to studies of physical systems in quan-
tum space realized on the basis of idea of noncommutativity. Among them are
studies of harmonic oscillator [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15], Landau
problem [16, 17, 18, 19, 20, 21], particle in gravitational field [22, 23, 24, 25],
free quantum particle [10, 15], quantum fields [26, 27] and many others.
In four dimensional case (2D configurational space and 2D momentum
space) the coordinates and the momenta in the space satisfy the following
relations
[X1, X2] = i~θ, (1)
[Xi, Pj] = i~δij , (2)
[P1, P2] = i~η. (3)
where θ = const is parameter of coordinate noncommutativity, η = const
is parameter of momentum noncommutativity, i, j = (1, 2). In the classical
limit from (1)-(3) one obtains deformed Poisson brackets
{X1, X2} = θ, (4)
{Xi, Pj} = δij, (5)
{P1, P2} = η. (6)
Studies of many particle problems in quantum space open new possibil-
ities to find effects of space quantitization on the Planck scale in properties
of a wide class of physical systems. In a space with noncommutativity of
coordinates the problems of quantum mechanics of many particles were ex-
amined in [28]. Authors of paper [29] studied the system of two charged
quantum particles in noncommutative space. Features of motion of compos-
ite system in gravitational field in a space with coordinates noncommutativ-
ity were considered in [30, 31]. Two-particle system interacting through the
harmonic oscillator potential on a noncommutative plane was examined in
[32]. Spectrum of two-particle system with Coulomb interaction was stud-
ied in rotationally-invariant space with noncommutativity of coordinates in
2
[33]. Also a system of two particles was studied in quantum space charac-
terized by coordinate noncommutativity and momentum noncommutativity
[10]. In noncommutative space-time the classical problem of many particles
was examined in [34]. In [35] the quantum model of many particles mov-
ing in twisted N-enlarged Newton-Hooke space-time was proposed. In [36]
the properties of kinetic energy of composite system and its motion in the
gravitational field were studied in four-dimensional noncommutative phase
space. Features in description of composite system in rotationally-invariant
noncommutative phase space were considered in [37].
The problem of composite system which is known as soccer-ball prob-
lem was considered in the case of Doubly Special Relativity [38, 39] relative
locality [40, 41, 42].
In the deformed space with minimal length the problem of description of
motion of composite system was studied in [43]. The authors of [43] intro-
duced the total momenta as integrals of motion. The motion of composite
system in gravitational field in the space was examined in [44].
In the present paper we study features of motion of free particles system
in noncommutative phase space of canonical type in the general case when
different particles satisfy noncommutative algebra with different parameters
of noncommutativity. We show that even in the case when at the initial
moment of time the velocities of particles in the system are the same the
particles fly away. The situation is changed if we consider parameters of
noncommutativity which correspond to a particle to be dependent on its
mass as was proposed in [36, 45]. In noncommutative phase space the total
momentum defined in the traditional way (defined as a sum of momenta
of particles) is not preserved. In the present paper we find total momenta
of composite system in noncommutative phase space which are integrals of
motion and introduce the coordinates of the center-of-mass conjugated to
them.
The paper is organized as follows. In Section 2 the motion of composite
system in noncommutative phase space is considered. In Section 3 features of
motion of free particles system in noncommutative phase space are examined.
The total momenta as integrals of motion and coordinates of the center-
of-mass conjugated to them are introduced in Section 4. Conclusions are
presented in Section 5.
3
2 Description of motion of composite system
in noncommutative phase space
Let us consider composite system made of N particles with masses ma (a =
1..N) with the following hamiltonian
H =
∑
a
(P(a))2
2ma
+
1
2
∑
a,b
a6=b
U(|X(a) −X(b)|), (7)
in four-dimensional noncommutative phase space. In (7) indexes a, b label
the particles.
In general case coordinates and momenta of different particles may satisfy
noncommutative algebra with different parameters of noncommutativity
[X
(a)
1 , X
(b)
2 ] = i~δ
abθa, (8)
[X
(a)
i , P
(b)
j ] = i~δ
abδij , (9)
[P
(a)
1 , P
(b)
2 ] = i~δ
abηa, (10)
where θa, ηa are parameters of noncommutativity which correspond to par-
ticle with mass ma. In the classical limit we have the following Poisson
brackets
{X
(a)
1 , X
(b)
2 } = δ
abθa, (11)
{X
(a)
i , P
(b)
j } = δ
abδij , (12)
{P
(a)
1 , P
(b)
2 } = δ
abηa. (13)
In our previous paper [36] we show that the coordinates and momenta
of the center-of-mass, the coordinates and momenta of the relative motion
which are defined in the traditional way
P˜ =
∑
a
P(a), (14)
X˜ =
∑
a
µaX
(a), (15)
∆Pa = P(a) − µaP˜, (16)
∆X(a) = X(a) − X˜, (17)
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with µa = ma/M , M =
∑
ama, satisfy noncommutative algebra with effec-
tive parameters of noncommutativity
θ˜ =
∑
am
2
aθa
(
∑
bmb)
2
, (18)
η˜ =
∑
a
ηa. (19)
The Poisson brackets for X˜i, P˜i, ∆X
(a)
i , ∆P
(a)
i read
{X˜1, X˜2} = θ˜, (20)
{P˜1, P˜2} = η˜, (21)
{X˜i, P˜j} = {∆Xi,∆Pj} = δij, (22)
{∆X
(a)
1 ,∆X
(b)
2 } = −{∆X
(a)
2 ,∆X
(b)
1 } = δ
abθa − µaθa − µbθb + θ˜, (23)
{∆P
(a)
1 ,∆P
(b)
2 } = −{∆P
(a)
2 ,∆P
(b)
1 } = δ
abηa − µbηa − µaηb + µaµbη˜. (24)
Also, in the paper [36] we mentioned that the Poisson brackets for coordinates
of the center-of-mass and coordinates of the relative motion and Poisson
brackets for the total momenta and the momenta of relative motion do not
equal to zero. Namely, the following relations are satisfied
{X˜1,∆X
(a)
2 } = −{X˜2,∆X
(a)
1 } = µaθa − θ˜, (25)
{P˜1,∆P
(a)
2 } = −{P˜2,∆P
(a)
1 } = ηa − µa
∑
b
ηb. (26)
So, in noncommutative phase space we cannot consider hamiltonian of the
center-of-mass and hamiltonian of the relative motion as independent. From
(7), using (14)-(17), we have
H = Hcm +Hrel, (27)
Hcm =
P˜2
2M
, (28)
Hrel =
∑
a
(∆Pa)2
2ma
+
1
2
∑
a,b
a6=b
U(|∆X(a) −∆X(b)|) (29)
and {Hcm, Hrel} 6= 0. In paper [36] we proposed conditions on the parameters
of noncommutativity
ηa
ma
= α = const, (30)
θama = γ = const, (31)
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with α, γ being constants which are the same for particles with different
masses. On these conditions {X˜1,∆X
(a)
2 } = 0, {P˜1,∆P
a
2 } = 0, therefore the
motion of the center-of-mass is independent of the relative motion.
3 Motion of free particles system and param-
eters of noncommutativity
Let us study features of motion of a free particle of massm in four-dimensional
noncommutative phase space. The hamiltonian of the particle reads
H =
P 21
2m
+
P 22
2m
. (32)
Taking into account (4)-(6), (32) we can write the following equations of
motion
X˙1 =
P1
m
, (33)
X˙2 =
P2
m
, (34)
P˙1 = η
P2
m
, (35)
P˙2 = −η
P1
m
. (36)
Solutions of equations (33)-(36) with initial conditions X1(0) = X01, X2(0) =
X02, X˙1(0) = υ01 X˙2(0) = υ02 are as follows
X1(t) = υ01
m
η
sin
η
m
t− υ02
m
η
cos
η
m
t+ υ02
m
η
+X01, (37)
X2(t) = υ02
m
η
sin
η
m
t + υ01
m
η
cos
η
m
t− υ01
m
η
+X02, (38)
X˙1(t) = υ01 cos
η
m
t+ υ02 sin
η
m
t, (39)
X˙2(t) = υ02 cos
η
m
t− υ01 sin
η
m
t. (40)
In the limit θ → 0, η → 0 we obtain trajectory of the particle in the ordinary
space X1(t) = υ01t + X01, X2(t) = υ02t + X02. Note that because of non-
commutativity of momenta the trajectory and the velocity of free particle
depend on its mass and on the parameter η.
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Let us consider a system of free particles with masses m1, m2,...,mN with
hamiltonian
H =
∑
a
(P(a))2
2ma
=
P˜2
2M
+
∑
a
(∆P(a))2
2ma
. (41)
The coordinates X
(a)
i and momenta P
(a)
i of particles satisfy relations (11)-
(13). Momenta of the center-of-mass P˜i and momenta of relative motion
∆P
(a)
i satisfy (20)-(26), M =
∑
ama.
In the ordinary space (θ = 0, η = 0) free particles with the same initial
velocities move together. In noncommutative phase space even in the case of
equality of velocities of free particles of masses m1, m2,...,mN at the initial
moment of time X˙
(a)
1 (0) = υ01, X˙
(a)
2 (0) = υ02, a = (1...N), we have X˙
(a)
1 (t) 6=
X˙
(b)
1 (t), X˙
(a)
2 (t) 6= X˙
(b)
2 (t) for a 6= b. Namely using (39), (40), one can write
X˙
(a)
1 (t) = υ01 cos
ηa
ma
t+ υ02 sin
ηa
ma
t, (42)
X˙
(a)
2 (t) = υ02 cos
ηa
ma
t− υ01 sin
ηa
ma
t, (43)
here ηa is parameter of momentum noncommutativity which corresponds to
particle of mass ma, a = (1..N).
Note that even for a system of free particles the relative motion affects on
the motion of the center-of-mass because of relation (26). The trajectory of
the center-of-mass of the system and the trajectory of relative motion read
X˜1(t) =
∑
a
(
υ01
m2a
Mηa
sin
ηa
ma
t− υ02
m2a
Mηa
cos
ηa
ma
t + υ02
m2a
Mηa
+
ma
M
X
(a)
01
)
,(44)
X˜2(t) =
∑
a
(
υ02
m2a
Mηa
sin
ηa
ma
t+ υ01
m2a
Mηa
cos
ηa
ma
t− υ01
m2a
Mηa
+
ma
M
X
(a)
02
)
,(45)
∆Xa1 (t) = υ01
ma
ηa
sin
ηa
ma
t− υ02
ma
ηa
cos
ηa
ma
t+ υ02
ma
ηa
+X
(a)
01 −
−
∑
b
(
υ01
m2b
Mηb
sin
ηb
mb
t− υ02
m2b
Mηb
cos
ηb
mb
t + υ02
m2b
Mηb
+
mb
M
X
(b)
01
)
,(46)
∆Xa2 (t) = υ02
ma
ηa
sin
ηa
ma
t+ υ01
ma
ηa
cos
ηa
ma
t− υ01
ma
ηa
+X
(a)
02 −
−
∑
b
(
υ02
m2b
Mηb
sin
ηb
mb
t+ υ01
m2b
Mηb
cos
ηb
mb
t− υ01
m2b
Mηb
+
mb
M
X
(b)
02
)
.(47)
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From (42), (43), (46), (47) we can conclude that because of momentum
noncommutativity the particles do not move together. In noncommutative
phase space the system of free particles with the same initial velocities flies
away.
We would like to mention that in the case when condition on the param-
eter of noncommutativity (30) is satisfied, from (42), (43) we have that the
particles move with the the same velocities which are equal to the velocity
of the center-of-mass of the system
X˙
(a)
1 (t) =
∑
a
µaX˙
(a)
1 (t) = υ01 cosαt+ υ02 sinαt, (48)
X˙
(a)
2 (t) =
∑
a
µaX˙
(a)
2 (t) = υ02 cosαt− υ01 sinαt. (49)
The relative coordinates do not depend on time. Taking into account (30),
from (46), (47) we have ∆X
(a)
1 = X
(a)
01 −
∑
b µbX
(b)
01 , ∆X
(a)
2 = X
(a)
02 −
∑
b µbX
(b)
02 .
Also, the trajectories of free particles do not depend on they masses. Taking
into account (30), (37), (38), we have
X
(a)
1 (t) =
υ01
α
sinαt−
υ02
α
cosαt+
υ02
α
+X
(a)
01 , (50)
X
(a)
2 (t) =
υ02
α
sinαt+
υ01
α
cosαt−
υ01
α
+X
(a)
02 , (51)
where X
(a)
01 = X
(a)
1 (0), X
(a)
02 = X
(a)
2 (0). Therefore particles with the same
initial velocities at the initial moment of time move together as it should be.
So, in the case when parameter of noncommutativity corresponding to a
particle depend on its mass as (30) the trajectory and velocity of free particle
in noncommutative phase space do not depend on its mass, the system of free
particles with the same initial velocities does not fly away (each particle in
the system move with the same velocities which are equal to velocity of the
center-of-mass, the relative coordinates do not depend on time as it should
be).
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4 Definition of the momentum of the center-
of-mass as integral of motion in noncom-
mutative phase space
In noncommutative phase space the total momentum (14) defined in the
traditional way is not the integral of motion. We have
{P˜1, H} = η˜
P˜2
M
+
∑
a
∆P
(a)
2
ma
(ηa − µaη˜) (52)
{P˜2, H} = −η˜
P˜1
M
−
∑
a
∆P
(a)
1
ma
(ηa − µaη˜) (53)
here H is given by (7).
In the case when conditions on the parameters of noncommutativity (30),
(31) are satisfied we have {X˜1,∆X
(a)
2 } = 0, {P˜1,∆P
a
2 } = 0, therefore
{P˜1, H} = {P˜1, Hcm} =
P˜2
M
η˜ (54)
{P˜2, H} = {P˜2, Hcm} = −
P˜1
M
η˜. (55)
here Hcm is given by (28). So, because of noncommutativity the total mo-
mentum defined as a sum of momenta of particles of the system P˜ =
∑
aP
(a)
is not preserved in noncommutative phase space.
Let us find the total momentum as integral of motion. For this purpose
let us first consider particular case when a composite system consists of N
particles with the same masses m1 = m2 = ... = mN = m and parameters
of noncommutativity θ1 = θ2 = ... = θN = θ, η1 = η2 = ... = ηN = η.
Note that in this case coordinates and momenta given by (14)-(17) satisfy
{X˜1,∆X
(a)
2 } = {P˜1,∆P
(a)
2 } = 0. We would like to mention that the momenta
defined as
P˜ ′1 =
∑
a
P
(a)
1 − η
∑
a
X
(a)
2 , (56)
P˜ ′2 =
∑
a
P
(a)
2 + η
∑
a
X
(a)
1 , (57)
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satisfy {P˜ ′1, H} = {P˜
′
2, H} = 0, here H is given by (7). So, they are integrals
of motion and can be considered as the total momenta in noncommutative
phase space. In the limit η → 0 from (56), (57) one obtains the total momenta
defined in the traditional way.
Let us generalize proposed definition of the total momenta to the case
when a composite system consists of N particles with different masses ma
and parameters of noncommutativity θa, ηa. The total momenta defined as
P˜ ′1 = P˜1 − η˜X˜2, (58)
P˜ ′2 = P˜2 + η˜X˜1, (59)
with P˜i, X˜i, η˜ given by (14), (15), (19) are integrals of motion ({P˜
′
1, H} =
{P˜ ′2, H} = 0) in the case when relations (30), (31) hold.
Note that for composite system made of N particles with the same masses
and parameters of noncommutativity η, θ we have X˜i =
∑
aX
(a)
i /N , also,
taking into account (19), we can write η˜ = Nη. Therefore from (58), (59) we
obtain (56), (57).
Let us define the coordinates of the center-of-mass X˜ ′i as coordinates
conjugated to P˜ ′i , namely
{X˜ ′i, P˜
′
j} = δij , (60)
One can verify that the coordinates defined as
X˜ ′i =
∑
a µaX
(a)
i
1− η˜θ˜
=
X˜i
1− η˜θ˜
, (61)
satisfy (60). Also, the following relations are satisfied
{X˜ ′1, X˜
′
2} =
θ˜
(1− θ˜η˜)2
, (62)
{P˜ ′1, P˜
′
2} = η˜(θ˜η˜ − 1). (63)
At the end of this section we would like to mention that the momentum
of free particle in noncommutative phase space is not integral of motion (see
(35), (36)). Note that from (58), (59) for one-particle system we can write
P ′1 = P1 − ηX2, P
′
2 = P2 + ηX1 which satisfy {P
′
1, H} = {P
′
2, H} = 0, where
H is given by (32). The hamiltonian of the particle in terms of P ′i and
coordinates X ′i = Xi/(1− ηθ), is as follows
H =
1
2m
(P ′1 + η(1− ηθ)X
′
2)
2
+
1
2m
(P ′2 − η(1− ηθ)X
′
1)
2
(64)
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We would like to note that the hamiltonian (64) corresponds to the hamil-
tonian of a charged particle in the magnetic field B(0, 0, B) in noncommu-
tative phase space which is characterized by relations (60), (62), (63), if
eB/c = η(1− ηθ) (here e is charge of the particle, c is the speed of light).
It is easy to generalize results presented in the section to the quantum case
introducing corresponding operators and considering commutation relations
for them.
5 Conclusions
In the paper we have examined influence of noncommutativity of coordi-
nates and noncommutativity of momenta of canonical type on the motion
of composite system. The system of N free particles has been studied. We
have found that even for a system of free particles the relative motion in
the system affects on the motion of its center-of-mass. We have shown that
because of noncommutativity of momenta the trajectory of free-particle and
its velocity depend on mass and parameter of momentum noncommutativity.
Therefore free particles of different masses do not move together even in the
case when at the initial time the velocities of the particles are the same. So,
the system of free particles flies away.
We have concluded that if we consider parameters of noncommutativity
which correspond to a particle to be dependent on its mass as (30) the ve-
locity and trajectory of free particle do not depend on its mass; free particles
with the same initial velocities move together, namely each particle in free
particles system moves with the velocity which equals to the velocity of the
center-of-mass and the trajectory of the relative motion does not depend on
time. We would like to stress that the same condition of the parameters
of momentum noncommutativity (30) with condition on the parameter of
coordinate noncommutativity (31) were proposed in [36] to solve the prob-
lem of violation of the weak equivalence principle, problem of nonadditivity
of kinetic energy, problem of dependence of kinetic energy on composition,
problem of dependence of motion of the center-of-mass on the relative motion
in noncommutative phase space.
We have also shown that in the case when relations (30), (31) hold the
total momenta can be defined as integrals of motion in noncommutative
phase space. We have introduced the total momenta (58), (59) and found
coordinates of the center-of-mass conjugated to them (61). It is shown that
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in the limit η˜ → 0 proposed expressions for coordinates of the center-of-mass
(61) and for the total momenta (58), (59) reduce to the ordinary definitions.
This is in agreement with the result of paper [30] where it was shown that in
a space with noncommutative coordinates (θ 6= 0, η = 0) the total momenta
defined in the traditional way are integrals of motion. In the limits θ˜ → 0,
η˜ → 0 from (61), (58), (59) one obtains the coordinates and momenta of
the center-of-mass defined in the traditional way which satisfy the ordinary
Poisson brackets.
So, relations of parameters of noncommutativity which correspond to
a particle with its mass (30), (31) give the possibility to solve number of
problems in noncommutative phase space.
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